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THE COMPLEXITY OF QUASIVARIETY LATTICES
SM. LUTSAK

One of the known problems in universal algebras and lattice theory is the question, which
lattices are isomorphic to quasivariety lattices. This problem was raised by G. Birkhoff in 1945 and,
independently, by A.l. Maltsev in 1966 and is of a big interest also nowadays. A huge amount of
work is devoted to the study the structure of quasivariety lattices of various algebraic structures.
Among them, one can mention papers of A.l. Maltsev, J. Gritzer, V.A. Gorbunov, V.I. Tumanov, M.
Adams, W. Dziobiak, R. McKenzie, J.B. Nation, M.V. Sapir, A.M. Nurakunov, A. Kravchenko, V.K.
Kartashov, A.V. Kartashova, M.V. Schwidefsky and others. A full description of lattices isomorphic
to quasivariety lattices has been obtained within some specific classes of lattices (for algebraic
atomistic lattices; for finite distributive lattices). Finding a solution of the Birkhoff-Maltsev problem
in its most general setting is an extremely difficult problem [1]; most likely, a reasonable solution of
this problem will be never obtained. Several results on the complexity of the structure of quasivariety
lattices obtained up to now hint in this direction. However, the study of the Birkhoff-Maltsev problem
for a certain class of algebraic structures is nevertheless of a big interest and deserves attention.

We continue studying the complexity of the structure of quasivariety lattices. We consider
two complexity measures of the structure of quasivariety lattices: Q-universality (after M.V. Sapir)
and non-computability of the set of finite sublattices of the quasivariety lattice (the Nurakunov non-
computability property or irrationality after K. Herrmann). The concept of a Q-universal quasivariety
was introduced by M.V. Sapir in 1985 and reflects the complexity degree of the structure of
quasivariety lattices [2]. The second concept of complexity of quasivariety lattices was introduced by
K. Herrmann in 2007 [3].

M.V. Schwidefsky and A. Zamojska-Dzenio established a connection between the two
complexity measures and proved that the class of all algebraic structures of a fixed signature is Q-
universal if and only if it contains a subclass such that the set of all finite sublattices of its quasivariety
is not computable [4]. In this regard, they also posed the following problem [4, 5]. Does any Q-
universal class of algebraic structures of a fixed signature contain a subclass such that the set of finite
sublattices of its quasivariety lattice is not computable? Is there a class of algebraic structures which
has the Nurakunov non-computability property but which is not Q-universal? A positive answer to
the first question was given by M. V. Schwidefsky for almost all the known Q-universal quasivarieties
[5]. A positive answer to the second question was given by the author.

Theorem. There are continuum many classes of commutative rings with unit which have the
Nurakunov non-computability property but which are not Q-universal.

A similar result holds for many other classes of algebraic structures.
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